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Abstract In this paper, we study the error behavior of the nonequispaced
fast Fourier transform (NFFT). This approximate algorithm is mainly based
on the convenient choice of a compactly supported window function. So far,
various window functions have been used and new window functions have
recently been proposed. We present novel error estimates for NFFT with com-
pactly supported, continuous window functions and derive rules for convenient
choice from the parameters involved in NFFT. The error constant of a win-
dow function depends mainly on the oversampling factor and the truncation
parameter.
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1 Introduction

Since the restriction to equispaced data is an essential drawback in several
applications of discrete Fourier transform, one has developed fast algorithms
for nonequispaced data, the so-called nonequispaced fast Fourier transform
(NFFT), see [8,6,24,20,12,11] and [18, Chapter 7].

In this paper we investigate error estimates for the NFFT, where we restrict
ourselves to an approximation by translates of a previously selected, contin-
uous window function with compact support. Other approaches based on the
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fast multipole method and on the low-rank approximation were presented in
[9,22].

After the seminal paper [24], the similarities of the window-based algorithms
for NFFT became clear. In the following, we give an overview of the window-
based NFFT used so far. In this construction of NFFT, a window function is
applied together with its Fourier transform. This connection is very important
in order to deduce error estimates for the NFFT. This made it possible to
determine convenient parameters of the involved window function. To develop
an NFFT, the necessary Fourier coefficients of the periodized window function
can simply be calculated by a convenient quadrature rule. A challenge are
error estimations in order to determine the parameters of the window function
involved. By C(T) we denote the Banach space of all 1-periodic, continuous
functions, where T = R/Z is the torus.

The considered window functions depend on some parameters. Assume that
N € 2N is the order of the given 1-periodic trigonometric polynomial which
values will be computed by NFFT. Let ¢ > 1 be an oversampling factor such
that Ny := oN € 2N. For fixed truncation parameter m € N\ {1} with
2m < Ny, we denote by &, n, the set of all window functions ¢ : R — [0, 1]
with the following properties:

e Each window function ¢ is even, has a compact support [—m /Ny, m/N],
and is continuous on R.

e Bach restricted window function ¢lj, n,/n,] is decreasing with (0) =

1 and ¢(m/Ny) = 0.

e For each window function ¢, the Fourier transform

) m/Ny
o(v) = / (t)e ?mMvidr =2 / o(t) cos(2mvt) dt
R 0

is positive for all v € [-N/2, N/2].

Note that for fixed N7 the truncation parameter m determines the size of the
support of ¢ € &, n,. If a window function ¢ € &,, n, has the form

gy o). zeR

(P(m) = @1(5@2

with 8 > 0 and convenient functions ¢1, s, then § is a so-called shape pa-
rameter of ¢. Examples of window functions of the set @,, n, are the B-spline
window function (5.4), the modified B-spline window function (5.6), the alge-
braic window function (5.7), the Bessel window function (5.14), the sinh-type
window function (5.21), the related sinh-type functions, see Subsection 5.5, the
modified cosh-type window function (5.22) and the related cosh-type window
functions, see Subsection 5.6. Note that the Kaiser-Bessel window function
(see [18, p. 393]) and the Gaussian window function (see [18, p. 390]) are not
contained in @, n,, since these window functions are supported on whole R.

The aim of this paper is a systematic approach to uniform error estimates for
NFFT, where a compactly supported, continuous window function ¢ € @, n,



Uniform error estimates for nonequispaced fast Fourier transforms 3

is used. We introduce the C(T)-error constant

. @(n—"_er) 2mirNy - )
eg(so)—;légN(Trgé%HTezz\;O} R ew)

where Iy denotes the index set {—N/2, 1 — N/2, ..., N/2 —1}. As shown in
Lemma 2, the uniform error of the NFFT with nonequispaced spatial data and
equispaced frequencies can be estimated by e, (¢). Analogously in Lemma 4,
the error of the NFFT with nonequispaced frequencies and equispaced spatial
data is estimated by e, () too. Therefore in the following, we study mainly
the behavior of the C(T)-error constant e, (¢). Our main result is Theorem
2, where we describe a general concept for the construction of a convenient
upper bound for the C(T)-error constant e, () with a window function ¢ €
®,,.N, - Applying Theorem 2, we obtain upper bounds for e, () with special
window function ¢ € &,, n,. We show that the C(T)-error constant e, ()
of a window function ¢ € @, n, depends mainly on the oversampling factor
o > 1 and the truncation parameter m € N\ {1}. Since we are interested
in NFFT with relatively low computational cost, the oversampling factor o €
[%, 2] and the truncation parameter m € {2, 3, ...,6} are restricted. These
parameters o and m determine the shape parameter  of the window function.
For the Bessel window function (5.15), the sinh-type window function (5.21),
and the modified cosh-type window function (5.22), a good choice is the shape
parameter 8 = 2wm (1 — %)

In connection with NFFT, B-spline window functions were first investigated
in [6]. In the important application of particle simulation (see [7]), the B-spline
window function was also used. Later it became clear that these methods can
be interpreted as a special case of the fast summation method, see [19,15]
and the references therein. Based on this unified approach, one can use all the
other window functions for this application too. The convenient choice of the
shape parameter is of special importance, as shown in [14] for the root mean
square error of the NFFT.

In this paper we suggest four new continuous, compactly supported window
functions for the NFFT, namely the algebraic, Bessel, sinh-type, and modified
cosh-type window function. The algebraic window function is very much re-
lated to the B-spline window function, but much simpler to compute. We show
that the Bessel window function (5.14), sinh-type window function (5.21), and
modified cosh-type window function (5.22) are very convenient for NFFT, since
they possess very small C(T)-error constants with exponential decay with re-
spect to m. It is difficult to design a window function ¢ € ®,, n, with minimal
C(T)-error constant. We prove that the best error behavior has the modified
cosh-type window function (5.22) with the shape parameter 8 = 27rm(1 — %),
o> % Further we compare several window functions with respect to the cor-
responding C(T)-error constants for the NFFT. Based on the error estimates
of the sinh-type window function, we are able to extend the error estimates,
see [21], to window functions where an analytical expression of its Fourier
transform is unknown, see [3,4,5].
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We prefer the use of compactly supported, continuous window functions ¢ €
D, N, by following reasons:

e As explained in Remark 1, the NFFT with a window function ¢ €
@ N, is simpler than the NFFT with a window function supported on
whole R.

e The window functions ¢ € @,, n, presented in Section 5 (and their
Fourier transforms) have simple explicit forms and they are convenient
as window functions for NFFT.

e Few window functions ¢ € &, n, (such as Bessel, sinh-type, and
modified cosh-type window function) possess low C(T)-error constants
with exponential decay with respect to m. The best error behavior has
the modified cosh-type window function.

The outline of the paper is as follows. In Section 2 we introduce the basic defi-
nitions and develop the error estimates for an NFFT with a general compactly
supported, continuous window function. Important tools for the estimation of
the Fourier transforms of window functions are developed in Section 3. In Sec-
tion 4 we present a modified Paley—Wiener Theorem which characterizes the
behavior of Fourier transforms of compactly supported functions lying in a
special Sobolev space. The main results of this paper are contained in Section
5. Using the uniform norm, we present explicit error estimates for the (mod-
ified) B-spline, algebraic, Bessel, sinh-type, and modified cosh-type window
functions. Further we show numerical tests so that the C(T)-error constants
of the different window functions can be easily compared.

2 Convenient window functions for NFFT
Let @ : T — [0, 1] be the 1-periodization of @, i.e.,

p(z) = p@+k), zeT. (2.1)
keZ

Note that for each z € R the series (2.1) has at most one nonzero term. Then
the Fourier coefficients of @ read as follows

1
cr(3) ::/ St ek dt — G(k), ke,
0

By the properties of the window function ¢ € @,, n,, the 1-periodic function
@ is continuous on T and of bounded variation over [— %, %] Then from
the Convergence Theorem of Dirichlet—Jordan (see [27, Vol. 1, pp. 57-58]), it

follows that ¢ possesses the uniformly convergent Fourier expansion

o(x) = ch(@) e2mikr  p e R. (2.2)
kEZ
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Lemma 1 For given ¢ € @, n,, the series

2 Cn—H"Nl 271'1 (n+rNy)z

reZ
is convergent for each x € R and has the sum

1 et ¢
- —27inl/N1 ~ o
¥ ; e bla+ )

which coincides with the rectangular rule of the integral

1
Cn(§5($ + )) — / (,5(8 + 1’) e—27rins ds = cn((ﬁ) e27rin;v )

0
Proof. From (2.2) it follows that for all n € Z and z € R it holds

—27i n:z: ~ E 27r1 kx
€ Ck+n .

kEZ

Replacing = by « + Nil with £ =0,..., Ny — 1, we obtain

e—27r1n(r+//N1) ~ -’17+ v E Ck-l—n 271'1k1 27r1k//N1 )

keZ

Summing the above formulas for £ = 0, ..., N;—1 and using the known relation

Ni—1
i Q2T ke/Ny _ N1 k=0modNy,
10 k # 0mod Ny,

we conclude that

Ni—1
§ e—27r1n(»L+€/N1) N({L‘ + —)=N § Cn+rN1 27r17N11 .
£=0 reZ

This completes the proof. B

2.1 NFFT with noneqispaced spatial data and equispaced frequencies

Let M € 2N and Ip; := {—M/2,1— M/2,...,M/2 — 1} be given. The NFFT
with nonequispaced spatial data and equispaced frequencies is an approximate,
fast algorithm which computes approximately the values f(x;), j € In, of a
1-periodic trigonometric polynomial

f@) =3 a(f) et (2.3)
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at M nonequispaced nodes z; € [—%, %), j € In. Using a window function

¢ € D, Ny, the trigonometric polynomial f is approximated by the 1-periodic
function

s(x) =Y gz Nil) (2.4)

Leln,

with conveniently chosen coefficients g, € C. The computation of the values
s(z;), j € In, which approximate f(z;) is very easy. Since ¢ is compactly
supported and thus ¢ is well-localized, each value s(x;), j € Iar, is equal to a
sum of few nonzero terms.

The coefficients g can be determined by discrete Fourier transform (DFT) as
follows. The 1-periodic function s possesses the Fourier expansion

s(z) = Z ci(s) e*mike

kEZ

with the Fourier coefficients

1
ck(s) = / s(t) e 2Tkt gt = drex(p), kez,
0

where

P —2mike/N
Ok == § goe 2mREN
Leln,

In other words, the vector (gx)rery, is the DFT of length Ny of coefficient
vector (ge)eery, such that

gk=§k+N1, keZ.

In order to approximate f by s, we set

ck(f)
o _ o keI,
0 kGINl\IN.

Note that the values gi, k € Iy, can be used in an efficient way. Even if (2.3) is
only known at finitely many equispaced points of [0, 1], the Fourier coefficients
ck(f), k € Iy, can be approximately determined by a fast Fourier transform
(FFT). For many window functions ¢ € &y, y,, the Fourier coefficients cx (),
k € Iy, are explicitly known.

Then for all r € Z, it holds

el f) =y nely,

Cn+rN- (5) :gn Cn+rN (()5) =
o I 0 ne v \Iy.
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In particular, we see that ¢, (s) = ¢, (f) for all n € Iy and ¢,(s) = 0 for all
n € In, \ In. Substituting k = n + rN; with n € Iy, and r € Z, we obtain

(@)= 1) = 3 @ = TP (e

keZ\In, n€ln, reZ\{0}

-y Cn(f)( > Cntri, (P) eZ7ri(n+rN1)z)

n€ln rez\{0} cn(?)

_ Z Cn(f) ( Z @(77:4‘ TN1> e27ri(n+rN1)a:) ) (25)

nely reZ\{0} Qp(n)

Let A(T) be the Wiener algebra of all 1-periodic functions g € L;(T) with the

property
D ler(9)] < oo
kez
Then
lgllac == lex(9)]

kEZ

is the norm of A(T). Obviously, we have A(T) C C(T), where C(T) denotes the
Banach space of all 1-periodic, continuous functions with the uniform norm

lglloer) = max|g(z)].

Since x; € [—%, %), 7 € I, are arbitrary nodes, we have

|s(z;) = fz)l < lIs = fllee -

Therefore we measure the error of NFFT |[|s — f||¢(r) in the uniform norm. As
norm of the 1-periodic trigonometric polynomial (2.3) we use the norm in the
Wiener algebra A(T).

Remark 1 The NFFT with a window function of the set @, n, is simpler
than the NFFT with Kaiser—Bessel or Gaussian window function @, since
both window functions are supported on whole R. For such a window function
, an additional step in the NFFT is necessary, where the 1-periodic function
(2.4) is approzimated by the 1-periodic well-localized function

si(z) = > gevb(x— Nil)

Leln,

where 1[) is the 1-periodization of the truncated window function (see [18, pp.
378-381])

7,/}(56) — (p((E) T € [_m/Nl’ m/Nl]a
’ 0 x € R\ [-m/Ny, m/N4].
Thus the NFFT with a window function ¢ supported on whole R requires also
a truncated version of . In this case, the error of the NFFT is measured by
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lls1 = flleeny. In [18, p. 393], it is shown that the error of the NFFT with the
Kaiser—Bessel window function can be estimated by

Is1 — flleer) < 4m®2 e 2™V I=Y | || 4oy .

We will see in Subsections 5.4 — 5.6 that special window functions ¢ € Pp, N,
possess a similar error behavior as the Kaiser—Bessel window function. O

We say that the window function ¢ € @, n, is convenient for NFFT, if the
C(T)-error constant

eq(p) == sup eq n(p) (2.6)
Ne2N
with
— @(H+TN1) 2wirNy -
eoN(p) == ,{%E})]é || Z 7@(11) e ||c('[r)7 N € 2N,
reZ\{0}

fulfills the condition e,(¢) < 1 for conveniently chosen truncation parameter
m > 2 and oversampling factor o > 1. Later in Theorem, 2 we will show that
under certain assumptions on ¢ € &, y, the value e, n(¢) is bounded for all
N € N. This C(T)-error constant is motivated by techniques first used in [24]
and later also in [5]. G. Steidl [24] has applied this technique for error estimates
of NFFT with B-spline and Gaussian window functions, respectively.

Lemma 2 For each N € 2N, the constant e, n(¢) of ¢ € Py, N, can be
represented in the equivalent form

N;—-1

— 1 —27inl/Ny (. i _ 27in-
eg,N(Sﬁ)*gléf}iHNlcn((ﬁ) ; e ol ) = oy 27)

Proof. By Lemma 1 we know that for all x € T it holds

Z Cn+rN1(¢)e%iTNlm) e?TIN = Z Crtrn, (@) @2 (nFrN)

rez\{0} rez\{0}
1 ¢
_ —27inl/N1 ~ ~\ 2minx
= — e T+ —)—¢Cy e
N, 22:% P+ 5) —enl®)
and hence
_ Ni—1
Cntri, (P) 27riTN1-’ H 1 Z —2mint/Ny ~ ¢ omin -
| 5 st gy
rezni0) cn(9) c(T) Nicn(p) = Ny

This completes the proof.
Thus the condition e, (p) < 1 with (2.7) means that each exponential

M pely,

C(T)
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can be approximately reproduced by a linear combination of shifted window
functions @(- +NLI) with £ € Iy, . In other words, the equispaced shifts <,5(-+NL1)
with ¢ € Iy, are approzimately exponential reproducing. For each node z; €

[—%7 %), j € Ipr, the linear combination
Ni—1 ¢
—27inl /Ny ~(,. . o )
Nl Cn Z € ( Nl) ( '8)

has only few nonzero terms, since the support of ¢ is very small for large N;.
If we replace exp(2wina;) for each n € Iy and j € Ips by the approximate
value (2.8), we compute approximate values of

Fla) = Y ealf)e?™me eIy,

in the form

; 14
x] zﬁ ; (Z f e—27nn€/N1) SZ’(%"‘E)

neln cn(P)

mainly by DFT. This is the key of the NFFT with nonequispaced spatial data
and equispaced frequencies. Special window functions ¢ € ®,, y, which are
convenient for NFFT will be presented in Section 5.

Lemma 3 Let 0 > 1, m € N\ {1}, N € 2N, and N; = oN € 2N be given.
Further let ¢ € ®py n,. Let f be a 1-periodic trigonometric polynomial (2.3)
and s its approzimating 1-periodic function (2.4).

Then the error of NFFT with nonequispaced spatial data and equispaced fre-
quencies can be estimated by

Is = fllem < ea() [1flac) - (2.9)
Proof. From (2.5) it follows that
Cntro 527 i (n+roN)x
s@) - f@) = 3 ealp) (3 e camurn o)
nely reZ\{0} Cn(@)

Note that ¢, (@) = @(n) > 0 for n € I by assumption ¢ € &, n,. Then by
Hoélder’s inequality we obtain that for all x € T it holds

s(z) — f(@)] < S |cn(f)|(maX’ 3 Lf\’i(@e%irmﬂ)

nelw e ey nl®)
@(n + TNl) TirNy x
= Z |cn(f)|(rrlréaxl Z TGQ Ny ’)
ne€ln N reZ\{0} ®
< eq (@) Ifllacry < oo.

Hence we get (2.9). R
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Remark 2 Let \ > 0 be fized. We introduce the 1-periodic Sobolev space H*(T)
of all 1-periodic functions f : T — C which are integrable on [0, 1] and for
which

I ey = (D K2 e (R < oo,

keZ

where we declare |0 := 1. Then H*(T) is a Hilbert space with the inner
product

(f, 9>H*(']1‘) = Z Wﬂck(f)cki@-

kEZ

For A\ =0, we have H°(T) = L?(T). Then the Sobolev embedding theorem (see
[23, p. 142]) says that for X > % it holds H*(T) C A(T) C C(T). Let f be a

1-periodic, trigonometric polynomial of the form (2.3). Then we have

Ifllory < D lewDI=Flay = D (er(HI K kI

keln keln

Applying the Cauchy—Schwarz inequality, we obtain for A > % that

1/2 1/2
Il < 1 laa < (D (eDPRP) (S 15172)

keln keln

1 \1/2
<l (142X 5x)
k=1

Using the Riemann zeta function ((2X) := > 72, k%, A > L we obtain the

92
following inequality

Iflleery < Iflla) < fIlarm V1 +2¢(27).

Thus under the assumptions of Lemma 3, the error of NFFT with nonequis-
paced spatial data and equispaced frequencies can be estimated by

Is = fllem) < eole) VI+20@N £l -

Note that
2 P 70 8 10
((2) = T, C(4) = 55, €(6) = gz €(8) = o, C(10) = i < 1000995

O
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2.2 NFFT with nonequispaced frequencies and equispaced spatial data

The NFFT with nonequispaced frequencies and equispaced spatial data or trans-
posed NFFT evaluates the exponential sums

spo= »  fe?™R L ke ly, (2.10)
J€Im

for arbitrary given coefficients f; € C and nonequispaced frequencies x; €

[f %, %), J € Ip. Assume that the window function ¢ € @, n, is convenient

for NFFT. Introducing the 1-periodic function

g(@):= Y fidl; +a),

JEINM
the Fourier coefficients of g read as follows
1 . .
ck(9) =/ g(t)e > dt = ( dof 627”]”“) ce(P) =sren(@), keL.
0 jE€IM
Using the trapezoidal rule, we approximate cg(g) by
a () = = Sz 4 ) e 2mi kN
a(9) =~ D D fidlai+)e :
Ny , Ny
Leln, J€IMm

Note that ¢x(g), k € Iy, can be efficiently computed by FFT, for details see
[18, p. 382]. Then the results of this NFFT with nonequispaced frequencies
and equispaced spatial data are the values

om0 g (2.11)

ck(9)

It is interesting that the same C(T)-error constant (2.6) appears in an error
estimate of the NFFT with nonequispaced frequencies and equispaced spatial
data too.

Lemma 4 Let 0 > 1, m € N\ {1}, N, M € 2N, and N; = oN € 2N.
Further let ¢ € &, n,. For given f; € C and nonequispaced frequencies x; €
[— %, %), j € Iy, we consider the exponential sums (2.10) and the related
approzimations (2.11).

Then the error of NFFT with nonequispaced frequencies and equispaced spatial
data can be estimated by

_ Gl < Z i
I?é%qusk Skl < e () _ |f5]
JjelMm
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Proof. For each k € Iy we have

- 1 ~
|sk —sk| = m ek (9) — ck(9)|
_ ’ Z f ( 2mikx; 1 Z @(l‘-ﬁ*i) e—27rik£/N1)‘.
! Nick(2) TN
JE€EIM teln,

From Hélder’s inequality and Lemma 2 it follows that

) 1 14
|5k_3k| < max‘e2mkmj . _ Z (I]—l-f) —27r1k€/N1’ Z |f7
g€l Nick(P) Leln, N Jelm
<eon(e) D Ifil <eslo) Y Ifil-
JE€EIMm JEIMm

This completes the proof.

3 Auxiliary estimates

In our study we use later the following

Lemma 5 For —1 <u <1 and p > 1 it holds

2
S a1 = ful)
u—1
reZ\{0, +1}
Proof. For —1 <u < 1,r € N, and > 1 we have
lu+ (=17 r|7* < (r—|u|)™", j=0,1. (3.1)

Using (3.1), the series can be estimated as follows

Dlu+ (=17 <> (= fu)*, j=0,1.
r=2 r=2

Hence it follows by the integral test for convergence that

DRTERTISS SRR SRS S R
r=2 r=2 r=2

reZ\{0,£1}

> 2
<2 / (x—|u))#de = —— (1 — \u|)1*“. [ ]
1 p—1

For fixed p > 0, the uth Bessel function of first kind is defined by

- (—1)k Y2k
Tul2) ’_§2u+2kklr(u+k+1) T, w20,
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so that in particular

I S (71)]C m+2k _
Jm(x).fZQm_F%k!(m_’_k)!x , m=0,1,....
k=0

For fixed p > 0, the uth modified Bessel function of first kind is defined by

oo

1

1 = pt2k >0
w(@) kZ_OZ#+2kk!F(u+k+1)m =
so that in particular
> 1
o m+2k _
Im(z).—];)2m+2kk!(m+k)!x ., om=0,1,....

For the properties of Bessel functions we refer to [1, pp. 355-478] and [25]. In
particular, these Bessel functions possess the following asymptotic behaviors
for z — oo (see [1, pp. 364, 377]),

2 ur T 1

~y— - ———)(1 2
Ju(x) ~ 4/ — cos (z 5 4) (1+0@™), (3.2)
1 4% —1

e’ (1 _ A
V2rz 8

Here we are interested in explicit error estimates for NFFT with compactly
supported, continuous window function. For this purpose, we need explicit

bounds for the Bessel functions instead of the asymptotic formulas (3.2) and
(3.3).

I, (x)~ +0(z7?)). (3.3)

Lemma 6 For fixed p > % and all x > 0, it holds

1174 \/5
2_ 2, = z
’:C o+ ’ |Ju(:£)| < 5 (3.4)

where \/% is the best possible upper bound. In particular for y =1 and x > 6,

we have

()] <

-

Foruz% and x > 6, we have

[Ty o) < % (3.5)

For p = 3m with m € N\ {1} and x > mm, we have

3
|J3m(x)| <

. (3.6)

3
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Proof. The inequality (3.4) was shown in [13]. For x4 = 1, the inequality (3.4)

means that
31/4 \/3
2
- = J —.
|z i 1(z)] < -

Thus for all z > 6 we have
cva < Ja? - 2’1/4

with the constant

/4
I |1U2—%|1 . 3 1/4 1 1/4
e=min = — =min (1 - 75) 7 = (1- )" = 0.994750 ..
such that

1 2 1
|1 (2)] € | — < —.
0.994750 \ 7z ~ Vz

Similarly, one can show the inequalities (3.5) and (3.6). B
Lemma 7 Let p > % and xog > 0 be given. Then for all x > xq, it holds

V2rzge 0 I, (xo) < V2mxe I,(z) <1. (3.7)

Proof. By [2, Inequality (2.6)] one knows that for fixed u > 1 and arbitrary
z, y € (0, 0o) with & < y it holds

I#(SU) Q emfy
]u(y) < \/; ’

Vorze ™ I,(x) < \/2mye Y I,(y).

Hence the function f(x) := v2mxze *I,(x) is strictly increasing on (0, 00).
Further by (3.3) we have

ie.,

lim /2mye ¥ 1,(y)=1.

Y—00

This implies the inequality (3.7).
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4 Paley—Wiener theorem in a Sobolev space

The main tool of this approach is the study of the Fourier transform ¢(v) of
¢ € &y N, for |v| — oco. A rapid decay of ¢ is essential for a small C(T)-
error constant (2.6). From Fourier analytical point of view, it is very interest-
ing to discuss the relation to the known Theorem of Paley—Wiener (see [17,
pp. 12-13]), since this result characterizes the behavior of Fourier transforms
of functions ¢ which vanish outside the open interval I = ( - Nﬂl) The
smoothness of the restricted window function ¢|; determines the decay of @(v)
for |v] — oo.

For simplicity, we denote functions defined on I by ¢ too. By H*(I), k € N,
we denote the Sobolev space of all functions ¢ € L?(I) with Dip € L?(I),
j =1,...,k, where Diy is the jth weak derivative of ¢. Then H¥(I) is a
Hilbert space with the Sobolev norm

k - 1/2
Il = (N0l ) -
§=0

Further we define the Sobolev space HE(I) as the closure in H*(I) of the
space C3°(I) which consists of all infinitely differentiable, locally supported
functions. Then HE(I) is the set of all functions ¢ € H¥(I) with vanishing
one-sided derivatives /) (:I: Nﬂ) =0,j=0,...k—1. We present the following

1

modification of the Theorem of Paley—Wiener (cf. [17, pp. 12-13] or [27, Vol. 11,
pp. 272-274]):

Theorem 1 For given p € HY(I) with k € N, the function

f(2) ::/w(t)e_%mdt, z=z+iyeC,
I

is entire and has the following properties:
1. For real variable x, it holds f(x) € L*(R) and 2* f(z) € L*(R).
2. For all z € C, there exist a positive constant vy, (p) such that

1F(2)] < () (1 + |2mz])~F e2mm Am=l/No

Conversely, if an entire function f satisfies the conditions 1. and 2., then the
function

o(x) == /Rf(t) ML, x e R,

has the properties ¢|; € H*(I) and ¢lr\s = 0. Note that

R
/ f(t)e*™et dt == lim f(t)e* =t qt
R R—o0 —R

means the limit in L*>(R) and that lg\; = 0 means p(x) = 0 for almost all
xe€R\I.
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Proof. Let ¢ € HE(I) be given, i.e., Dip € L*(I),j =0,...,k, and

G (4 My = - _
) (j:Nl) 0, j=0,....,k—1. (4.1)

For arbitrary z = x +iy € C and t € I we have

|ef27rlzt| _ 727rlzt| eQﬂ'yt < e27r\y\ |t] < e271'm|Imz\/N1

le

and hence
_ 727riztd d 27m |Imz|/Ny ) 4.9
1)1 =] [ee =t ar < ([ Io0]a e (4:2)

Since by the Schwarz inequality

2m
Il = [ 100 13 < el o) =y 5o Bellzen < 0. (43)

we have ¢ € L1(I) too. Since Dip € L*(I) for j =1, ..., k, we have D’¢p €
LY(I) analogously to (4.3).
Obviously, f is an entire function, because for each z € C and j € N it holds

f(j)(z) = /(p(t) (—27Tit)j o 2mizt gy (—27Ti)j /tj o(t) o 2mizt gy

I I

Using (4.1), repeated integration by parts applied to the function ¢ gives for
j=1,...,k the equalities

/Iga(t) (% e—27rizt> dt = (—1) /I(Djso)(t)e—%rizt dt

such that
s \J _ dj —2miz _ 7 J —27iz
(—2niz) f(z)—/lap(t) (@e 2 t) dt = (—1) /I(D ©)(t) e~2m=t dt |
(4.4)
Hence we obtain
2727 | f(2)] < (/ (D7 )(t)| dt) e Tmel/Ne (4.5)
I

From (4.2) and (4.5) it follows that for all z € C it holds
(14 122" [ f(2)] < (p) €2 Himel/Mn

with the positive constant

i) = (o) [lewias(5) [ioo@lace.+(7) [10ramiar< .

By (4.4) with j = k, we have for = € R the equalities

—2miz)F f(z) = (—1)* k e~ 2miat gy _ (_1)k k o—2mixt
(—2riz)* f(x) = (~1) /,(D o) (t)e 2 dt = (~1) /Rw o) (t) e 2
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such that z* f(x) € L2(I) by the Theorem of Plancherel.

Now we assume that an entire function f with the properties 1. and 2. is given.
Then especially we have f|r € L?(R) and

()] < () et imaihn 2 e .

By the original Theorem of Paley—Wiener, the function
o(z) = / ft) ™ dt € L*(R)
R

vanishes for almost all z € R\ I such that o|; € L3(I). For t € R, from f(t) €
L*(R) and t* f(t) € L%(R) it follows ¢/ f(t) € L*(R), j = 1,...,k — 1, since
17 £ < [F(D)° for ¢ € [—1, 1] and [#7 F(D)? < [t* F(£)[? for t € R\ [1, 1].
Each function in L?(R) generates a tempered distribution. By the differentia-
tion property of the Fourier transform of tempered distributions we conclude
that the jth weak derivative of ¢ exists almost everywhere and that

(D7) (x) = /R(zmt)j f)e*™=dt € L2(R), j=1,...,k.

Now we have to show that D7 ¢|r\7 = 0. From property 2. of the entire function
f it follows that the entire function (27iz)/ f(z) with j = 1,... k& fulfills the
inequality

|272)7

27m |Imz|/Ny < 27m |Imz|/Ny
(11 [2r2|)F © < wle)e

|(2miz)! f(2)] = [2m2l |f(2)] < ()

for all z € C. Applying the original Theorem of Paley—Wiener to the entire
function (27iz)? f(z), we see that

Yj(z) = /R (27it)? f(t) > dt

vanishes almost everywhere in R\ I. Since ;(z) = (Dip)(z) = 0 almost
everywhere, we have (D7¢)(x) = 0 for almost all z € R\ I. Hence we have
Digl; € L*(I) for j = 1,...,k such that ¢|; € H*(I). This completes the
proof. B

Unfortunately, the assumption ¢ € HE(I) is too strong for the most popular
window function.
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Ezample 1 The triangular function p(z) := 1 — % |z|, € I, belongs to the
Sobolev space Hg(I), but doesn’t belong to Hg(I), since it holds ¢(+ ) =0
and ¢’ ( + Nﬂl) # 0. In this case, we obtain that for z € C,

m /Ny . m/Nq Nl
flz) = / (t)e 2™ qt =2 / (1 — —1) cos(2mzt)dt
—m/Ny 0 m
2 ! 2
:an ; (1—s) cos ( ]7\71% zs)ds:Nﬁl(sincﬁ‘;\zz)2

Thus Theorem 1 results in & = 1. Otherwise we observe a quadratic decay of
the Fourier transform ¢, since for z € R\ {0},

Ny
mm?

2|72

|[f(@)] = |@(x)] <

Hence we will present a better method in the following Theorem 2.

5 Special window functions

In this section, we determine upper bounds of the error constant (2.6) for
various special window functions ¢ € @,, n, by two methods. If the series

> le(n)] < oo,
nez
then by (2.6) we have that

es(p) < sup (max Z 7|<p(nj— er)'). (5.1)
Ne2N \n€ln e\ {0} $(n)

This technique can be applied for (modified) B-spline window functions.

For the algebraic, Bessel, sinh-type, and modified cosh-type window functions,
we use the following argument. By Holder’s inequality it follows from (2.6) that

. ~ PN 2mi N7 -
)< gup (o P00 el 32 ot )

Thus we show that the minimum of all ¢(n) for relatively low frequencies
n € Iy is equal to $(N/2) and that the series

> len+r))|

reZ\{0}
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is bounded for each n € Iy . For this we have to estimate the Fourier transform
@(n) for sufficiently large frequencies |n| > N — & very carefully. Thus this
results in

1
es(p) < sup | —=——— max S+ N )
) NegN <<,0(N/2) neln TGZE\:{O} & 1)|>

Now we use the special structure of the given window function ¢. Let m €
N\ {1} and o > 1 be given. Assume that an even, continuous function ¢y :
R — [0, 1] with supp ¢o = [~1, 1] has following properties: 0 (0) = 1, ©olo, 1]
is decreasing, and its restricted Fourier transform @o|(o, m /(20 s positive and
decreasing. Let N € 2N with N; = oN € 2N be given. Then the scaled

function
N 1T

p(x) == cpo(?) , z€eR, (5.2)

is a continuous window function of the set @, n,.

Theorem 2 Let o > 1, m € N\ {1}, N € 2N, and N; = oN € 2N be given.
Further let ¢ € &y N, be a scaled version (5.2) of @o. Assume that the Fourier
transform @q fulfills the decay condition

‘¢O(U)| < €1 "U| € [m(l - %)’ m(l + %)} ’
o™ ol = m(1+5;),

with certain constants ¢y > 0, ca >0, and p > 1.
Then the constant e, n () is bounded for all N € 2N by

1
esn(p) < m [261 +

20

2C2 1 1—pn
(u—l)m“(l_%) }

Further, the C(T)-error constant e, (@) of the window function (5.2) has the
upper bound

1 202 1 1—p
eo () < ) [2c1 + =) (1-2) } . (5.3)

Proof. Note that it holds

@0 (v))] S/R%(x)dx:%(O), veER.

By the scaling property of the Fourier transform, we have

~ —2mive m.. mv
$(v) /R@(x) € dz N, 900(]\/'1 ) » VE

For all n € Iy and r € Z\ {0, £1}, we obtain

mn 1 1
|F1 —|—mr| Zm(2—%) >m(1+%)
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20
and hence
. m . ,mn mey | N —u
Ny)| = — — < —
|p(n + rNy)| N, gpo(Nl +mr)|_muN1’N1+r|
From Lemma 5 it follows that for fixed u = 3~ € [ — %, %],
1 g g
2 1.,1-
Z |U+7’|_M§71<1—27)1 M.
reZ\{0,+1} w= a
For all n € Iy, we sustain
m mn m
p(nEt Ny)| = — |¢o(— = < —
|(n 1)] N WO(NI m)| =N C1,
since 1 )
mn
— =+ 1-— 1+—)]|.
] € (1 - 5), m(1+ o))
Thus we estimate for each n € Iy,
R m [, . ,mn . ,mn
Z |o(n +rNy)| < N { SDO(WI —m)|+ WO(F +m)]|
reZ\{0}
+ Z @0(7 —I—mr)ﬂ
kez\{0,£1}
m Co n —u
reZ\{0,+1}
m 2¢o 11—
<M - }
_N1|:Cl+( —1)’[77,“( 20')
Now we determine the minimum of all positive values
m mn
D = — @Po(— Iy.
(p(n) Nl SOO(Nl), nein
Since mN‘ILI < g% for all n € Iy, we obtain
min $(n) = I min @ (@) =y (E) = A(E) >0
nGINSO B Ny nEINSDO Ny B Ny o 20 ¥ 2

Thus we see that the constant e, n(¢) can be estimated by an upper bound
which depends on m and o, but does not depend on N. We obtain

o (9) € gy max D0 [gn )

€7\ {0}
1 %, 11,
¢o(3%) [ T e ( 20)

Consequently, the C(T)-error constant e, (¢) has the upper bound (5.3).
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5.1 B-spline window function

We start with the popular B-spline window function (see [6,24]). Assume that
N e€2Nand o > 1 with N; = oN € 2N are given. We consider the B-spline

window function
1
= —— Mo, (N12), 5.4
eB(z) o (0) M2 (N1z) (5.4)
where Ms,, denotes the centered cardinal B-spline of even order 2m with
m € N. For m = 1, we obtain the triangular window function. Using the

three-term recursion

x4+ % 1 mo_ . 1
Mm(l'):m_21Mm—1($+§)+fn_le_1(f£7§)7 m:2’3, ,
(5.5)
with L
1 1‘6(—57 5),
=1 _1 1
Mi(z):=4 L ze{-1 1},
0 $€R\[—%, %],
we find
2 11 151
M2(O) = 1’ M4(0) = ga MG(O) = ?0, Mg(o) = % .

Note that My, (0) > 0 for all m € N, since it holds Ma,,(z) > 0 for each
x € (—m, m). As known, the Fourier transform of (5.4) (see [18, p. 452]) has

the form
~ ]- ™ ) 2m

oB(v) (sinc—

e — , veER,
Ny M, (0) Ny

where )
sine g sinz/z xeR\ {0},
1 z=0.

If ¢ is the 1-periodization (2.1) of g, then the Fourier coefficients of @p
read as follows

! i 1 k2
~ _ 50 (t —27r1k'acdt:A = — — (sine—> m>0.
cr($B) /0 oB(t)e oB(k) Ny Mo (0) (schl) >
Note that ¢ (@) > 0 for all k € I.
By (2.5) we see that

Is = flleey < D lealH D CntrN (PB)

nely rez\{0} cn(#B)

Now we estimate the C(T)-error constants for NFFT. Applying the special
structure of the Fourier coefficients ¢ (@p) and Lemma 5, we obtain a good
upper bound (5.1) of the C(T)-error constant by this method. For a proof of
the following result see [24].
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Theorem 3 Let o > 1, m € N\ {1}, N € 2N, and N; = oN € 2N. Further
m € N with 2m < Ny is given. Then the C(T)-error constant (2.6) of the
B-spline window function (5.4) can be estimated by

(20 - 1)72771 ’

m
<
colp) < 51

i.e., the B-spline window function (5.4) is convenient for NFFT.

5.2 Modified B-spline window function

Let 0 > 1, m € N\ {1}, N € 2N, and N; = oN be given. The approach to
the B-spline window function (5.4) can be generalized to the modified B-spline
window function (see [14])

1 Nib
(me(JZ) = Mgb(O) Mgb( m 33), (56)
where My, denotes the centered cardinal B-spline of order 2b € N\ {1, 2},
ie,be {32 5 ..} Assume that N1b € 2N and that m € N fulfills the
conditions m < 20b and b # m. Using the three-term recursion (5.5), we find
M3(0) = %, M5(0) = % . Obviously, it holds g € Py, N, , where the Fourier
transform of (5.6) (see [18, p. 452]) reads as follows

PmB(v) = Nilb (sinc N )Qb, veR.

If ¢up denotes the 1-periodization of (5.6), then the Fourier coefficients of
»mp have the following form

1
~m _ Nm t —2mikz dt = Am k) = ﬂ .
ck(PmB) /0 Pmp(t) e Gmp (k) N (smc Nb

Note that cx(@mp) > 0 for all k € Iy. Let f be an arbitrary 1-periodic trigono-
metric polynomial (2.3) which we approximate by the 1-periodic function

(@)= 3 grbunle = 5)

Lelngop

with conveniently chosen coefficients g, € C. Then s possesses the Fourier
expansion

S(JC) — ch(s) eQﬂ"ikI

keZ

with the Fourier coefficients

1
culs) = / S(6) e 4t = g e (Gap)
0
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where

Z gp e~ 2mRE/(N1b)
Lelny

Thus the vector (gx)kery,, is equal to the DFT of length Nib of the vector
(g[)gGINlh and we have §pyrn,p = gx for all & € In,p and r € Z. In order to
approximate f by s, we choose

cx(f)
gk = Ck (k‘ﬁmB) k = IN ’
0 ke INlb\IN~

Thus we see that ci(s) = cx(f) forall k € Iy and ¢ (s) = 0forall k € In,p\IN.
Substituting kK = n + rN1b with n € In,p and r € Z, we obtain

s(x) — f(z) = Z cr(s)e®mihe — Z Z Gty () 2T (HTNID) 2

kEEZ\IN b n€ln,p, r€Z\{0}

1 ~ 271 (n+rNib)
Z Z cn(f)mcanlb(@mB)e e

nely reZ\{0}

such that

Is(2) — F@I < 3 JealN)] S [entrip (@)l

nely rez\{0} cn(Pmp)

Then it follows by Holder’s inequality that

s = floa < (Y leal)) max 3 [entrni(@mn)]

nely reZ\{0} ¢n(PmB)

Cn+rN;b{¥PmB
= || ]l a¢r) max Z M

neIN . oy ¢n(PmB)

Theorem 4 Let 0 > 1, N € 2N, 2b € N\ {1, 2}, and N1b € 2N with
Ny = oN. Further let m € N with 2b > m and b # m be given.

Then the C(T)-error constant of NFFT with the modified B-spline window
function (5.6) can be estimated by

eab(@mB) >~ 2b ) (2Ub— ]_)

i.e., the modified B-spline window function (5.6) is convenient for NFFT.

Proof. Now we estimate

max Z |Cn+r1\(fl~b(90r)nB)| )
N rEZ\{0} Cn(¥PmB



24 D. Potts, M. Tasche

For n =0 and r € Z\ {0} we have

erm(Bu)|
1 co(Pmp)
For n € Iy \ {0} and r € Z\ {0} we obtain
‘cn+rN1b(¢mB)| _ |n|2b — (M)% |L 4 —2b
cn(PmB) In + 7”Nlb|2b Nib Nib
Iy, n —2b
< (— _
= (55 I 117
since for n € Iy it holds
|n| 1 1
< —< =
1b 7 20b — 3
Using Lemma 5, we conclude that
|Cn 4Ny b(PmB)| 1 —2b
: < > Iyt
= 2b
rez\{o} on(Pmn) (200) oy V1P
1 || | —26 n —2b
< ool ]
— (201))217[ ( Nlb) + Z ’N1b+r|
reZ\{0,+1}
1 1 -2 2 1 (1-20
<— _2(1- — S }
= 2ob)® 205 g - 5)
4b 1 4b
< (1o T (9pp 1)
= (2b— 1) (200)2 (1= 555 1 20— 1)

with 200> 3. 1

5.3 Algebraic window function

For fixed shape parameter 5 = 3m with m € N\ {1} and for an oversampling
factor o > %, we consider the algebraic window function

1_ (le)2 B—=1/2 . om  m
Palg(T) = { : me) zel-% %l (5.7)

0 xER\[—Nﬂl,Nﬂl].
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Theorem 5 Let N € 2N and o > %,
m € N\ {1} and 8 = 3m be given.

Then the C(T)-error constant of the algebraic window function (5.7) can be
estimated by

where N1 = oN € 2N. Further let

3,7 20 —1
o (Palg) < WJSM(%) [1 + (6m —1)

U} (20 —1)73m=12  (58)

i.e., the algebraic window function (5.7) is convenient for NFFT.

Proof. We apply Theorem 2 and introduce the unscaled algebraic window

function
(2):={ A=)72 zel-1 1],
#0189 zeR\[-1,1].

Using [16, p. 8], we determine the corresponding Fourier transform

1 1
Po,a1g (V) = / O e e e / (1 — 22)8712 cos(2m va) da
1 0

_ m(283)! { (mv) =P Js(2mv) v € R\ {0},

48 B! % v=20. (5.9)

Thus Qg alg(v) for v > 0 is a multiple of the function (7v)~# Jz(27v) which
can be represented as infinite product

1 5 (2mv)?
— (1--5%) (5.10)
2 )
B! };[1 J3,s
where jg s denotes the sth positive zero of Js (see [1, p. 370]). Note that
o =9.936109..., jo1=13.354300..., jio1 = 16.698249...
Jis,1 = 19.994430. .., jig,1 = 23.256776..., Joi1,1 = 26.493647... .

For 8 = 3m it holds jg 1 > 3m + 7 —  (see [10]). Hence by o > Z we get

Eud
Sm 3m

— < - < -
20j1 3m+m—5 3Im+7w—35

2
m <1.

Thus each factor of the infinite product (5.10) is positive and decreasing
for v € [0, 2%]. Hence by (5.9) and (5.10), the Fourier transform @g a1g(v) is
positive and decreasing for v € [0, 2] and it holds

m (26)! 7w , 20

Poaig(5,) = 17 i (%)ﬂjﬁ(?)- (5.11)

By (3.6) we know that for |v| > % it holds

Js(2m0)] < — 2

2/ 2]

(5.12)
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For [v| > m (1 — 5) and o > % it holds

1 m

Using (5.9) and (5.12), we obtain for [v| > m (1 — 5= ) the estimate

3(26)' |U|_’6_1/2.

|¢0,alg(7})| < W (5.13)

Applying Theorem 2, we obtain

1 202 1 1—p
es(p) < ENED) [201 PEET (1-5) } :

20

where by (5.13) we have p =8+ 1 =3m+ § and

_ 3(28)! —p-1/2 L1y
= e Ly,
205)!
o 3(28)

T 93/24B Bl gB-1/2 "

Using (5.11), we get the inequality (5.8). B

5.4 Bessel window function

Let N € 2N, m € N\ {1}, and o € |2, 2] be given. For fixed shape parameter

B:=2mrm (1 - %) , (5.14)

we consider the new Bessel window function

2 ~
PBessel (T) 1= (1= S (81— W™y ze[-&, 2],

0 v R\ [- & 7]
(5.15)
with N7 = o N € 2N. Obviously, the Bessel window function is continuously
differentiable and compactly supported.




Uniform error estimates for nonequispaced fast Fourier transforms 27

Theorem 6 Let N € 2N, m € N\ {1}, and o € [g, 2} be given, where
N1 =oN € 2N and 2m < Nj.

Then the C(T)-error constant of the Bessel window function (5.15) with the
shape parameter (5.14) can be estimated by

€o (PBessel) < (50 m3 + 7) e—2mmy/1-1/0
i.e., the Bessel window function (5.15) is convenient for NFFT.

Proof. We apply Theorem 2 and introduce the unscaled Bessel window function

o (-2 L(BVI-a?) wel-1,1],

CPO,Bessel(m) = {O x e R\ [—1, 1] .

We determine the even Fourier transform

@O,Bessel(v) = / @O,Bessel(x) e_Qﬂ-iUI dx
R

9 1
=50 /0 (1-2*)L(B M) cos(2mvz) dz .

By [16, p. 96], this Fourier transform reads as follows

\/§(52 _ 47r2v2)—5/4 [5/2(\/m) | <m (1 _ %> :

5 287 1 1
¢O,Bessel(v) = m i5 v=+m (1 — %) ,
V5 (An?v® — [2)5/4 Js2(VAT202 — B2) o] >m (1 - %) )
(5.16)
Introducing the spherical Bessel function (see [1, pp. 437-438])
3 1 3
Jo(z) = % J5/2(x) = (; - ;) sinx — oz COST, ¥ > 0; j2(0):=0,
and the modified spherical Bessel function (see [1, p. 443])
3 1 3
io(x) == %15/2(33) = (E + ;) sinh x — = coshz, x> 0;i3(0):=0,
we obtain
) (B2 —ar?0?) s (VB2 —Ar2?) ol <m (1- %),
R 2
QOO,Bessel(U) = Ig(ﬂﬂ) % v=+m (1 — %) ,
(4m*0? = %) 71 jo (VAr202 = B%)  Jo| > m (1 55) -

(5.17)
Using the power series expansion of the modified spherical Bessel function i
(see [1, p. 443]), for [v| < m (1 — 5 ) we receive

o0

(8% — 4m®v?) i (VB2 — An20?) = Y . (B — ar*v?)k .

k
2 T (2k + 5)!!
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Hence o Bessel(v) is positive and decreasing for v € [0, m(l — %)) Since

5 < m(l — i) for o > g, we conclude

R 2 1
@O,Bessel(%) = m (1 _ %)2 (1 _

For m > 2 and o > g, we maintain

1 1 4
2rm /1 — — > 4rx 17—21’0::1.
V o \ o NG

Applying the inequality (3.7) with p = g, for x > xy we obtain
1
in(x) > xoe ™ ig(mg) 2™t e® > 0.280573x L e” > 1 7 te".

Hence for £ = 2mmy /1 — % it follows that

ia (2mmy[1— 1) > L (1= L)V T
o 8mm o
Thus we see that
b ﬂ 1 _ i 2 _ l =3/2 2rm 1-1/0
Po,Bessel (5-) = — L0) (1-5) (=) eV . (5.18)

Now we estimate the Fourier transform ¢g pesse1(v) for [v| > m (1 + %) Using
the assumptions m > 2 and o € [2, 2], for [v] > m (1 + 5 ) we get

1.2 1.2 1.2
VAar22 — 52 = \/471'21)2 —4r?m? (1 — %) >2mm \/(1 + %) - (1- %)

27rm\/?247m/2247r>6.
o o

By (3.5), for all z > 6 it holds

|5 /2(7)] < % :

Thus for [v| > m (1+ 5 ), we obtain by (5.16) that

V2r 32 12—
S =)

Since the function g : [m (1 + %), oo) — R defined by

|¢0,Bessel (U)l <

o) = (= (= )Y = (T )
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is decreasing and bounded from above by
1 (20 +1)3
1+ ) =21/
g(m(1+ 20)) (85)3/2
we receive for [v] > m (14 5=) the estimate

m? (20 +1)3 1

~ 2 _3
ssel(V)] < po— et (1= = : 5.19
|<)00,Be el(v)| 320\/EIQ(B) ( 20_) |U‘ ( )
Finally we show that for [v] > m (1 — 55) it holds
232
% esse. g . .2
By (5.17) we have
1 232
D0, Bessel | £ 1—--—))= .
Poseser(Em(1 = 52)) = 575

For |v| > m(1 — 5-), it holds by (5.17) that

2
¢O,Bessel(v) = Iz(ﬁ;) (47T2’U2 — 62)71 JQ(\/m) .

By the definition of the spherical Bessel function js it holds for x > 0 that

520)) = [ 3= oo

Then from [25, p. 49] it follows that for z > 0,

Tsl)| < 7 ()"

with I"(7/2) = 23 /7 such that by j2(0) = 0 we obtain the inequality
. 1
lj2(z)] < szv r >0,

and hence (5.20).
Applying (5.3) together with (5.18), (5.19), and (5.20), we conclude that

4m)3 1
BU(WBessel) < {( ]Z')) ( — 5)3/2 m3 + C(O’)} e—271'm 1—1/0.

with /R )3

T (20 +1 1.9 1.3/2

c(o) Zzw( —%) (1—;) .

For o € [%, 2}, it holds
(4m)? _Lysp
(1= )77 <50, (o) <7

This completes the proof. B
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5.5 sinh-type and related window functions

Let N € 2N, m € N\ {1}, and o € [%, 2] be given. For fixed shape parameter
B as stated in (5.14), we consider the new sinh-type window function

<>{h<ﬁ -85 ee[-# %] ()
0 v eR\ [- & &)

with N7 = oN € 2N. This sinh-type window function belongs to @,,, n,. Note
that (5.21) is not piecewise continuously differentiable, since ¢, (—x++0) =
oo and ¢, (§+ — 0) = —oc. Note that the sinh-type window function (5.21)
can be computed much faster than the Bessel window function (5.15).

Theorem 7 Let N € 2N, N > 8, m € N\ {1}, and o € [g, 2} be given, where
Ny =0oN € 2N and 2m < Ny. The shape parameter B is given by (5.14).
Then the C(T)-error constant of the sinh-type window function (5.21) with the
shape parameter (5.14) can be estimated by

eU(‘Psinh) < (24 m3/2 + 3) e 2mm 1-1/c 7
i.e., the sinh-type window function (5.21) is convenient for NFFT.

A proof of Theorem 7 can be found in [21]. The proof based mainly on the
knowledge of the analytical Fourier transform. In [21] we consider in addi-
tion two related window functions, namely the continuous exp-type window
function

L _(efVI-(Naz/m)? _q zel
Pexp(r) 1= ¢ 771 ’
0 x€R\IT.

as well as the continuous cosh-type window function

ponta) o= |t (o (31— ()7) 1) e
0 xeR\T.

The main drawback for the numerical analysis of the exp-type/cosh-type win-
dow function is the fact that an explicit Fourier transform of this window
function is unknown. Therefore we split the continuous exp-type/cosh-type
window function into a sum 1 + p, where the Fourier transform of the com-
pactly supported function v is explicitly known and where the compactly sup-
ported function p has small magnitude. Note that ¢ex, and was first suggested
in [4,2] and a discontinuous version of @cosn was suggested in [4, Remark 13].
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5.6 Modified cosh-type and related window functions

For o € [5, 2] and m € N\ {1}, we consider the modified cosh-type window
function

Nix
@mcosh(aj) = QOO,mcosh(?l) , rER, (5.22)
where it holds
1 cosh (5@)—1
<;00,mcosh($) := ¢ coshB-1 T—a2 MRS (—17 1)7
0 zeR\ (-1,1)

with the shape parameter 8 as stated in (5.14). By [16, p. 6 and p. 38], its
Fourier transform reads as follows

2 /1 cosh (ﬂ\/l - :c2) — 1)
0

@O,mcosh (1)) = COS(27T’U.’L') dz

coshf —1 Vo2
[ (VB = 40%) — ho(2mv)] ol < £,
:aﬁéfi' [1=Jo(B)] v=tL,  (5.23)

[Jo(V/4m202 — B2) — Jo(2mv)]  |o| > £ .

Note that the Fourier integral in [16, p. 38, formula 7.57] reads as follows

I cosh (ﬁ\/l — z2
0 \/1 —CE2

m/2
) cos(2mvz) da = / cosh(B cost) cos(2mv sint) dt
0
Io(v/B? —47%0?)  u| < %,
1 v=1L
Jo(V/Am20? — B2) v > %

Obviously, the unscaled modified cosh-type window function ¢g meosh : R —
[0, 1] with the support [—1, 1] is even and continuous on R. Further the re-
stricted function @o,mcosh\[o, 1) is decreasing. Now we prove that the Fourier

T
2

transform (5.23) is positive and decreasing in [O, %] First we remark that by
(5.23) it holds

™

00, mco h(O) COShB ~1 0(6) >0
. B 2 !

m h —_— = 1_ 1 a2 1 ’
¥0,mcosk (27T) COShﬁ 1 [ JO(/B)] > COShﬁ -1 >0

since Jo(0) = 1 and |Jo(B)| < & for B = 2mrm(1 — 5&) > 12T Using Ij(z) =
I(z) and Ji(z) = —Jo(z), from (5.23) it follows for all v € (0, %) that

d T 47y
— = — 2 _ Ar292
dv @O,mcosh(’l}) COShﬁ 1 [ ﬁQ g0 Il( 5 420 )+27T J1 (27T1}):| .
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Since by Lemma 8 it holds the inequality

VB2 — 4r20? Ji(27v) < 27w Il(\/BQ — 47r2v2) , VE [O, ﬁ] ,

21

the Fourier transform (5.23) is decreasing in [0, %}

Lemma 8 For z € [0, 3] it holds

VB2 =22 Ji(z) < aL(VB2 —a?). (5.24)

Proof. Obviously, the inequality (5.24) holds for z = 0 and = = J3, since
J1(0) = I;(0) = 0. First we prove (5.24) for z € (0, %] By the known power
expansions

Ji(z) = d f: (_1)k ka’
S 4R L (k4 1)

_z - 1 2%k
2 ];)Mk!(k—i—l)!x ’

; B
we obtain for x € (O, \ﬁ] that
J

@) 1~ (EDF
S L S 2
x 2;4kk!(k+1)!x ’ (5:25)
11(7 lei;(ﬂ2—x2)k (5.26)
B2 — 22 2 —~ 4k kg (k4 1)! ' '
Then from 22 < % — 2?2 for z € (0, %} it follows by (5.25) and (5.26) that
L/
X - 1/ —xQ ’

i.e., this implies the inequality (5.24) for = € ((), %]

In the case = € [% , 6), we substitute y := /32 — 22 € (0 %] Then we
show that

Y B
———— N1 (VB2 —y?) <T 0, —|.
62_y2 1( 5 y)_ 1(y>7 ye( ’ \/i:l
This inequality is fulfilled, since
1
A (VB =) < =
and hence
Y Y Y
J 2 _42) < < Z <Ly,
7o W) s =g S he
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since it holds ¥ < I (y) for y > 0 by I1(0) = 0, I{(0) = 5 and I{'(y) > 0. This
completes the proof. B

Thus we obtain

m ™ 1 ™m

po, mCOSh(QU) = m [10(27rm 1-— ;) - JO(T)] .

From m > 2 and o € [%, 2] it follows that

oy [1— £ >am 1L Am T
o o 5 o
Hence it holds

m 2 m?r?  1,-1/4 \/5 o Lly-1ya 1
|J0(U)|<\/;( =7 Sy -7) T <3

This implies that

m T 1 1

QOO mcosh(QU) Z m [10(27rm 1-— ;) —_ 5] .

Further for v € [m(l — %), m(l + %)] we obtain

|J0(\/4772112 - ,62)—J0(27w)‘ <c = ST

|@0,mcosh(v)| = m ’

coshﬂ -1

since it holds

[ Jo(VAr22 = B2)| <1, | Jo(2m)| <

Thus we can use ¢; =

l\')\»—l

m as constant in Theorem 2.

Finally we determine the decay of (5.23) for |[v| > m(1 + 5 ). We show that

3mm? 1

<5t o p =) (1- %)zrz. (5.27)

|¢O,mcosh(v)

By (5.23) we know that

R m / B2
|SDO,mCOSh(’U)| = m ’JO(Q’/T'U 1-— W) — J0(27T’U)’ .

Using the power expansion of the Bessel function Jy, we obtain

Jo(2moy/1— 2y~ gy(2mu) i )Qk (- g ) -1].

ren 4202
=1
Since for k € N it holds
2 2 2
B )k < 1— (1 ﬁ ) 6

0<1—(1— S, N
- ( 4292 47292 4292
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we estimate

62

Am2y2

62

4292

|Jo (2mv4 /1 ) = Jo(2mv)| < [Jo(270) — 1

Since |Jo(27v)| < L for v > %, we receive the inequality (5.27). Thus

3mm? 1

2
2 (cosh B —1) (1_%) o p=2

Cy =
are the corresponding constants of Theorem 2.
For the modified cosh-type window function (5.22), we estimate the C'(T)-error
constant e, (@meosh)-

Theorem 8 Leto € [2, 2], m € N\{1}, and Ny = o1 N € 2N with 2m < Nj.
Then the C(T)-error constant ey, (Ymeosh) has the upper bound

21 1 1

-1
ea(‘;@mcosh) < Z [IO (27Tm 1-— ;) + 5} . (528)
Proof. From Theorem 2 with p = 2 it follows that
1 2¢o 1.,-1
€5 (¥Pmcosh S N m 2C1+7 11— — .
( ) Wo,mcosh(%) [ m2 ( 20') }
Since
9270 mcosh(ﬁ) > 77( [[0(27Tm 1— l) _ 1]
' 207 ~ coshp—1 o 2
and
o — 3m o — 3mm? (1 _ i>2
"7 2(coshf—1)" ° 2(coshB—1) 207
we obtain the estimate (5.28). Note that by o € [5, 2] it holds
1 21
1——) < —.
3+3( 2U) <3

By [26] the modified Bessel function Io(x) fulfills the inequalities

x

— <
1+ 22

elE
Io(z) < —, 2>0.

NI

If we apply this result, then we obtain

21 1 1 111
€o(Pmeosh) < 7 (1+4mmy/1— =) [e“‘”mvl—l/" + 5+ 2mmy 1 f} .
g o

This completes the proof. B

Finally we consider in our numerical examples also the modified exp-type win-

dow function
Nll‘

wmeXp(x) = (po,mexp(7> , rER,
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where it holds

1 exp (B\/lfrﬁ)fl
SDO,mexp(x) = { exp B—1 Va2 T € (—1, 1)7
0 2R\ (-1, 1)

and the modified sinh-type window function

N
SDmsinh((E) = @O,msinh(#) 3 HAS Rv

where it holds

sinh 8 V1—2z2 T e (_L 1)a

1 sinh (,B\/ 17952)
(pO,msinh($> =
0 zeR\ (-1, 1).

Note that the main idea to consider these modified window functions, comes
from the Fourier transform of the Kaiser—Besser window, see [19, Remark 1].
The modified sinh-type window function ¢nysinn is used in the NFFT package
[11], and gives very good error bounds.

Conclusion

In this paper, we present explicit error estimates for the NFFT with contin-
uous, compactly supported window function ¢ € ®,, n,. Such window func-
tions simplify the algorithm for NFFT, since the truncation error of the NFFT
vanishes. Using the C(T)-error constant of ¢, we propose a unified approach
to error estimates of the NFFT with nonequispaced spatial data and equis-
paced frequencies as well as of the NFFT with nonequispaced frequencies and
equispaced spatial data. Further we discuss the connection with a modified
Paley—Wiener theorem.

We present two techniques to find upper bounds of the C(T)-error constant.
The second method which uses the scaling structure of the window function
¢, shows that the constant e, n(¢) is bounded for all N € 2N. We see that
es(p) depends essentially on the decay of the Fourier transform ¢(v) for
|v| = oo and the positive size of @(v) for small frequencies. For the (modified)
B-spline, algebraic, Bessel, sinh-type, and modified cosh-type window func-
tions, we present new explicit upper bounds of the corresponding C(T)-error
constants. Here we use the fact that the Fourier transforms of these window
functions are explicitly known. It is remarkable that the C(T)-error constants
of Bessel, sinh-type, and modified cosh-type window function decay exponen-
tially with respect to m. Numerical experiments verify the different behavior of
the C(T)-error constants for these window functions, see Figure 5.1. We point
out that the modified cosh-type, exp-type, and sinh-type window functions
give the best error constants, see Figure 5.2. The modified sinh-type window
function, see Section 5.6, is used in the NFFT package [11].
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Error for o = 1.25 Error for 0 = 1.5 Error for 0 =2

Fig. 5.1 The constants 60—71024((,0) of the different window functions with shape parameter
B=mm(2—1/c) for o € {1.25,1.5,2} and m € {2,3,4,5,6}.

Error for o = 1.25 Error for o = 1.5 Error for o =2

1071

10721

1073

"\\
1074 | e , N
——  Psinh=Peosh™Pexp 1077 —e—  Qsinh=Pcosh=Pexp 10-5 | —*=  ©Psinh=Pcosh=Pexp i

10-5 || 7 Pmsinh =P mcosh =P mexp \ 4 | |7 Pmsinh=%¥mcosh=¥mexp *— Pmsinh = Pmcosh = Pmexp
e B 1077 H o ) H—am N
N S8

8,

estimate Theorem 7 estimate Theorem 7 estimate Theorem 7

—a— estimate Theorem 8 L\v —a— estimate Theorem 8 10 —e— estimate Theorem 8

10-6 L : : : % joslh : : : -1 fL : : . ]
2 3 5 6 2 3 4 5 6 2 3 4 5 6

Fig. 5.2 The constants ey,1024(¢) of the different window functions with shape parameter
B=mm(2—1/0) for o € {1.25,1.5,2} and m € {2, 3, 4, 5, 6} as well as the upper bounds
of the C(T)-error constants es(p).

Acknowledgments

The authors would like to thank Jiirgen Rossmann and Winfried Sickel for
several fruitful discussions on the topic. Further, the authors would like to
thank the reviewers for constructive advices to improve the representation of
the paper. The first author acknowledges funding by Deutsche Forschungs-
gemeinschaft (German Research Foundation) — Project-ID 416228727 — SFB
1410.

References

1. M. Abramowitz and I.A. Stegun, editors. Handbook of Mathematical Functions. Na-
tional Bureau of Standards, Washington, DC, USA, 1972.

2. A. Baricz. Bounds for modified Bessel functions of the first and second kinds. Proc.
Edinb. Math. Soc. (2), 53(3):575-599, 2010.

3. A.H. Barnett, J.F. Magland, and L.A. Klinteberg. Flatiron Institute nonuniform
fast Fourier transform libraries (FINUFFT). http://gitub.com/flatironinstitute/
finufft.

4. A.H. Barnett, J.F. Magland, and L.A. Klinteberg. A parallel non-uniform fast Fourier
transform library based on an “exponential of semicircle” kernel. STAM J. Sci. Comput.,
41:C479-C504, 2019.


http://gitub.com/flatironinstitute/finufft
http://gitub.com/flatironinstitute/finufft

Uniform error estimates for nonequispaced fast Fourier transforms 37

5.

6.

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

A. Barnett. Aliasing error of the exp(8v/1 — 2z2) kernel in the nonuniform fast Fourier
transform. Appl. Comput. Harmon. Anal., 51:1-16, 2021, arXiv:2001.09405v1.

G. Beylkin. On the fast Fourier transform of functions with singularities. Comput.
Harmon. Anal., 2:363-381, 1995.

M. Deserno and C. Holm. How to mesh up Ewald sums. I. A theoretical and numerical
comparison of various particle mesh routines. J. Chem. Phys., 109:7678-7693, 1998.
A. Dutt and V. Rokhlin. Fast Fourier transforms for nonequispaced data. SIAM J. Sci.
Statist. Comput., 14:1368-1393, 1993.

A. Dutt and V. Rokhlin. Fast Fourier transforms for nonequispaced data II. Appl.
Comput. Harmon. Anal., 2:85-100, 1995.

E.K. Ifantis and P.D. Siafarikas. A differential equation for the zeros of Bessel functions.
Appl. Anal., 20:269-281, 1985.

J. Keiner, S. Kunis, and D. Potts. NFFT 3.5, C subroutine library. http://
www.tu-chemnitz.de/~potts/nfft. Contributors: F. Bartel, M. Fenn, T. Gorner,
M. Kircheis, T. Knopp, M. Quellmalz, M. Schmischke, T. Volkmer, A. Vollrath.

J. Keiner, S. Kunis, and D. Potts. Using NFFT3 - a software library for various noneq-
uispaced fast Fourier transforms. ACM Trans. Math. Software, 36:Article 19, 1-30,
2009.

1. Krasikov. Approximations for the Bessel and Airy functions with an explicit error
term. LMS J. Comput. Math., 17(1):209-225, 2014.

F. Nestler. Automated parameter tuning based on RMS errors for nonequispaced FFTs.
Adv. Comput. Math., 42(4):889-919, 2016.

F. Nestler. Efficient Computation of Electrostatic Interactions in Particle Systems
Based on Nonequispaced Fast Fourier Transforms. Dissertation. Universitidtsverlag
Chemnitz, 2018.

F. Oberhettinger. Tables of Fourier Transforms and Fourier Transforms of Distribu-
tions. Springer, Berlin, 1990.

R.E.A.C. Paley and N. Wiener. Fourier Transforms in Complex Domains. AMS Colloq.
Publ., Providence, 1934.

G. Plonka, D. Potts, G. Steidl, and M. Tasche. = Numerical Fourier Analysis.
Birkh&user/Springer, Cham, 2018.

D. Potts and G. Steidl. Fast summation at nonequispaced knots by NFFTs. SIAM J.
Sci. Comput., 24:2013-2037, 2003.

D. Potts, G. Steidl, and M. Tasche. Fast Fourier transforms for nonequispaced data: A
tutorial. In J. J. Benedetto and P. J. S. G. Ferreira, editors, Modern Sampling Theory:
Mathematics and Applications, pp. 247-270, Birkhauser, Boston, 2001.

D. Potts and M. Tasche. Continuous window functions for NFFT. Adv. Comput. Math.,
47:53, 2021. arXiv:2010.06894

D. Ruiz-Antolin and A. Townsend. A nonuniform fast Fourier transform based on low
rank approximation. SIAM J. Sci. Comput., 40(1):A529-A547, 2018.

J. Saranen and G. Vainikko. Periodic Integral and Pseudodifferential Equations with
Numerical Approzimation. Springer, Berlin, 2002.

G. Steidl. A note on fast Fourier transforms for nonequispaced grids. Adv. Comput.
Math., 9:337-353, 1998.

G.N. Watson. A Treatise on the Theory of Bessel Function. Cambridge Univ. Press,
Cambridge, 1995.

Z.-H. Yang and Y.-M. Chu. On approximating the modified Bessel function of the first
kind and Toader—Qi mean. J. Inequal. Appl. 2016, Paper No. 10.

A. Zygmund. Trigonometric Series, Vol. I and II. Cambridge Univ. Press, Cambridge,
2002.


http://www.tu-chemnitz.de/~potts/nfft
http://www.tu-chemnitz.de/~potts/nfft

	Introduction
	Convenient window functions for NFFT
	Auxiliary estimates
	Paley–Wiener theorem in a Sobolev space
	Special window functions

